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Abstract
The SUq(n) generators are obtained as large spectral parameter limit of the
Yang-Baxter operators in the integrable SUq(n) invariant vertex model. The com-
mutation relations, including Serre relations, are obtained as limits of the Yang-
Baxter equations. The recently found eigenvectors of the SUq(n) invariant spin
chains are shown to be Highest Weight vectors of the corresponding quantum group.
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1 Introduction.
Quantum groups arose from investigations on integrable lattice models which provide a
natural arena for its representations. Recently the SUq(n) invariant spin chains [1] have
been solved [2]. To achieve this, a non-trivial generalization of the nested Bethe ansatz
to open boundary conditions was obtained. A Yang-Baxter (YB) algebra of the reflection
type naturally appears in the SUq(n) invariant models [2, 3, 5]. We show in this note how
the SUq(n) generators for N-sites arise from such YB generators in the limit when the
spectral parameter tends to infinity. Then, we prove that all Bethe states (constructed
through the nested Bethe Ansatz) are highest weight vectors. Therefore, physical states
appear as SUq(n) multiplets, obtained from the Bethe states through the action of the
appropriate generators for N-sites. The highest weight property is interesting in relation
with the organization of eigenstates and also in the study of the associated RSOS models
[4].
We will make some comments on the solution in order to fix the notation and to give the
necesary equations. The reader is referred to [2] for details in the notation and some of
the operators appearing in this article.
The transfer matrix of the SUq(n) invariant chains is given by:
t(θ) =
n∑
a=1
K+(θ)Uaa(θ). (1)
In the previous formula K+(θ) is given in [2], and Uab(θ) is the doubled transfer matrix
given by :
Uab(θ) =
n∑
c=1
Tac(θ)T˜cb(θ), (2)
with T, T˜ Yang-Baxter operators. The doubled transfer matrix can be written as an
operator matrix with elements U11 = A, U1j = Bj , Uj1 = Cj , Ujk = Djk; j, k = 2, . . . , n.
In the solution of the eigenvalue problem for the transfer matrix (1) the following operators
turn out to be useful and will appear in section 3:
Dˆbd(θ) =
1
sinh 2θ
[e2θ sinh(2θ + γ)Dbd(θ)− sinh γδbdA(θ)]
Bˆc(θ) =
sinh(2θ + γ)
sinh 2θ
Bc(θ).
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As Bethe ansatz for the eigenstates of the transfer matrix (1) we use:
Ψ ≡
∑
2≤ij≤n
X i1...ip1 Bˆi1(µ1) . . . Bˆip1 (µp1) ‖ 1 > = Bˆ(µ1)⊗ . . .⊗ Bˆ(µp1) ‖ 1 > X. (3)
Parallel to the case of periodic boundary conditions the system is solved by giving a
recursion relation between the original eigenvalue and the one of a reduced problem with
one less state per link. This relation is given by:
Λ(k)(θ, µ˜(k−1)) =
pk∏
j=1
sinh[θ + µ
(k)
j + (k − 1)γ] sinh(θ − µ
(k)
j − γ)
sinh(θ + µ
(k)
j + kγ) sinh(θ − µ
(k)
j )
+
sinh[2θ + (k − 1)γ]
sinh[2θ + (k + 1)γ]
pk−1∏
j=1
sinh[θ + µ
(k−1)
j + (k − 1)γ] sinh(θ − µ
(k−1)
j )
sinh(θ + µ
(k−1)
j + kγ) sinh(θ − µ
(k−1)
j + γ)
pk∏
j=1
sinh[θ + µ
(k)
j + (k + 1)γ] sinh(θ − µ
(k)
j + γ)
sinh(θ + µ
(k)
j + kγ) sinh(θ − µ
(k)
j )
Λ(k+1)(θ, µ(k)), (4)
1 ≤ k ≤ n− 1 , µ
(0)
j = 0 ,Λ
(n)(θ, µ(n−1)) = 1, p0 = N.
The roots µ
(k)
i have to obey the Bethe ansatz equations:
Λ(k+1)(µ
(k)
i , µ˜
(k)) =
pk−1∏
j=1
sinh(µ
(k)
i + µ
(k−1)
j + kγ) sinh(µ
(k)
i − µ
(k−1)
j + γ)
sinh[µ
(k)
i + µ
(k−1)
j + (k − 1)γ] sinh(µ
(k)
i − µ
(k−1)
j )
pk∏
j 6=i
sinh[µ
(k)
i + µ
(k)
j + (k − 1)γ] sinh(µ
(k)
i − µ
(k)
j − γ)
sinh[µ
(k)
i + µ
(k)
j + (k + 1)γ] sinh(µ
(k)
i − µ
(k)
j + γ)
, (5)
where we have set the inhomogeneities at the first level equal to zero for simplicity (notice
also the change θ → θ + γ/2 with respect to reference [2]).
Using the recursion formula (4) the eigenvalue problem is solved.
2 The SUq(n) generators and its relations.
In this section we show how in certain limits of the spectral parameter θ the Yang–Baxter
algebra leads to the quantum group SUq(n).
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First we obtain the generators of the quantum algebra as the leading terms of the transfer
matrices T, T˜ in the limits θ → ±∞. We find (q = eγ):
Tab(∞) := T
+ =
=


a > b; 0,
a = b; q−LqWa,
a < b;


b = a+ 1; q−L(q − q−1)q−1/2J−a q
Wa+1/2qWa/2,
b = a+ j, j > 1; T j−,
(6)
Tab(−∞) := T
− =
=


a > b;


a = b+ 1; −qL(q − q−1)q1/2J+a−1q
−Wa−1/2q−Wa/2,
a = b+ j, j > 1; T j+,
a = b; qLq−Wa,
a < b; 0,
(7)
T˜ab(∞) =
=


a > b;


a = b+ 1; q−L(q − q−1)q−1/2qWa/2qWa−1/2J+a−1,
a = b+ j, j > 1; T˜ j+,
a = b; q−LqWa,
a < b; 0,
(8)
T˜ab(−∞) =
=


a > b; 0,
a = b; qLq−Wa,
a < b;


b = a+ 1; −qL(q − q−1)q1/2q−Wa/2q−Wa+1/2J−a ,
b = a+ j, j > 1; T˜ j−.
(9)
In the previous formulas the following operators have been introduced:
q±Wa = q±Eaa ⊗ q±Eaa ⊗ . . .⊗ q±Eaa
J+a =
L∑
i=1
q−ha/2 ⊗ . . . q−ha/2 ⊗ Eithaa+1 ⊗ q
ha/2 ⊗ . . .⊗ qha/2 (10)
J−a =
L∑
i=1
q−ha/2 ⊗ . . . q−ha/2 ⊗ Eitha+1a ⊗ q
ha/2 ⊗ . . .⊗ qha/2,
where [Eab]ij = δiaδjb and ha = Eaa−Ea+1a+1 are the su(n) generators in the fundamental
representation. The operators T j±, corresponding to the limits of the Tab operator, are
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polynomials of order j on the generators J±l , l = b, b ± 1, . . . , a ∓ 1. Formula (10) gives
the coproduct of the the quantum group generators to the power L − 1 [7], we will see
that this gives in fact a representation of the quantum group on the lattice of L sites.
The operators Tab(θ) obey the Yang-Baxter relation:
Mabcd = R(θ − θ
′)abefT (θ)ecT (θ
′)fd = T (θ
′)aeT (θ)bfR(θ − θ
′)efcd = N
ab
cd . (11)
By taking the limit θ → −∞, θ′ → ∞, in the previous equations we get the spectral
parameter independent commutation relations:
R−
ab
efT
−
ecT
+
fd = T
+
aeT
−
bfR−
ef
cd ,
where R− = limθ→−∞R(θ). If we use the equations M
ab+1
ba+1 = N
ab+1
ba+1 the following commu-
tation relations are obtained:
[J+i , J
−
j ] = δij
qHi − q−Hi
q − q−1
, (12)
qHi = qhi ⊗ . . .⊗ qhi.
Using Mab+1ba = N
ab+1
ba and M
ab
b+1 a = N
ab
b+1 a the result is:
qHiJ±j q
−Hi = q±aijJ±j , (13)
where (aij)1≤i,j≤n−1 denotes the Cartan matrix of type An−1, i.e., aii = 2, aij =
−1 (i = j ± 1), 0 (otherwise).
In the limit θ → −∞, θ′ → −∞, the the spectral parameter independent Yang-Baxter
relation is:
R−
ab
efT
−
ecT
−
fd = T
−
aeT
−
bfR−
ef
cd .
Using the equalities Ma+1b+1ba = N
a+1b+1
ba , b 6= a, a± 1 the result is:
J+a J
+
b = J
+
b J
+
a , | a− b |≥ 2. (14)
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When b = a+ 1 in the previous equality:
T (−∞)a+2a = (q − q
−1)qLq3/2[J+a+1J
+
a − q
−1J+a J
+
a+1]q
−Wa/2q−Wa+2/2, (15)
and using Ma+1a+2aa = N
a+1a+2
aa we obtain the Serre relation:
(J+a )
2J+a+1 − (q + q
−1)J+a J
+
a+1J
+
a + J
+
a+1(J
+
a )
2 = 0, 1 ≤ a, a+ 1 ≤ n− 1. (16)
Making a → a − 1 in (15) and using Ma+1a+1a−1a = N
a+1a+1
a−1a a second Serre relation is
obtained:
(J+a )
2J+a−1 − (q + q
−1)J+a J
+
a−1J
+
a + J
+
a−1(J
+
a )
2 = 0, 1 ≤ a, a− 1 ≤ n− 1. (17)
Proceeding in a parallel way with the limit θ →∞, θ′ →∞ of relation (11) given by:
R+
ab
efT
+
ecT
+
fd = T
+
aeT
+
bfR+
ef
cd ,
where R+ = limθ→∞R(θ), the rest of relations are obtained:
qHaqHb = qHbqHa (18)
J−a J
−
b = J
−
b J
−
a , | a− b |≥ 2 (19)
(J−a )
2J−a±1 − (q + q
−1)J−a J
−
a±1J
−
a + J
−
a±1(J
−
a )
2 = 0, 1 ≤ a, a± 1 ≤ n− 1. (20)
Equations (12-20) give the SUq(n) quantum group commutation relations [7].
We pass at this point to the study of the large spectral parameter limits of the doubled
monodromy matrix. Using equations (6-9) and the definition of the doubled monodromy
matrix we have:
Uab(∞) =
∑
l≥max(a,b)
Tal(∞)T˜lb(∞)
Uab(−∞) =
∑
l≤min(a,b)
Tal(−∞)T˜lb(−∞). (21)
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From these formulas we see that not all the quantum group generators can be obtained
cleanly from the limits of the doubled monodromy matrix. We will have in general that
these limits are formed by polinomials in the generators. Nevertheless for some special
cases is possible to obtain cleanly the quantum group generators, these are:
Unn(∞) = q
−2Lq2Wn
Un−1n(∞) = q
−2L(q − q−1)q−1/2J−n−1q
3Wn/2qWn−1/2
Unn−1(∞) = q
−2L(q − q−1)q−1/2q3Wn/2qWn−1/2J+n−1
U11(−∞) = q
2Lq−2W1
U12(−∞) = −q
2L(q − q−1)q1/2q−3W1/2q−W2/2J−1
U21(−∞) = −q
2L(q − q−1)q1/2J+1 q
−3W1/2q−W2/2 (22)
3 The Highest Weight property.
In this section we prove the highest weight property for the Bethe eigenstates. This
property has been shown to hold in the case of open spin chains for the SUq(2) invariant
case, for the SO(4) Hubbard model and for the splq(2, 1) invariant t-J model [4, 6, 11, 8].
This is the first proof for an algebra of arbitrary rank.
We need to obtain the commutation relation between the infinite spectral parameter limits
of the doubled monodromy matrix and the operators Bˆ. For that we use the “reflection”
relation [2, 3]:
Mabcd ≡ R(θ − θ
′)abef Ueg(θ)R(θ + θ
′)gfhd Uhc(θ
′) =
Nabcd ≡ Uae(θ
′) R(θ + θ′)ebfg Ufh(θ) R(θ − θ
′)hgcd
,
which in some special values of a, b, c, d and limits will give the necessary relations. It is
necessary to prove that J+a Ψ = 0, a = 1, . . . , n− 1.
We begin proving the case J+1 Ψ = 0.
Take the equation M211l = N
21
1l in the limit θ
′ → −∞ to obtain:
J+1 q
−3W1/2q−W2/2Bˆl(θ) = R−
2j
l2 Bˆj(θ)J
+
1 q
−3W1/2q−W2/2
+q3/2[δl2A(θ)− e
−2θDˆ2l(θ)]q
−2W1 . (23)
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Using M111l = N
11
1l in the θ
′ → −∞ limit:
q−2W1Bˆl(θ) = q
2Bˆl(θ)q
−2W1. (24)
As J+1 ‖ 1 >= 0, with the help of commutation relations (23, 24) we find:
J+1 q
−3W1/2q−W2/2Ψ = q2(P1−L−1/4)
p1∑
k=1
δjk2


p1∏
j 6=k
sinh(µ
(1)
k + µ
(1)
j ) sinh(µ
(1)
k − µ
(1)
j − γ)
sinh(µ
(1)
k + µ
(1)
j + γ) sinh(µ
(1)
k − µ
(1)
j )
−
p1∏
j 6=k
sinh(µ
(1)
k + µ
(1)
j + 2γ) sinh(µ
(1)
k − µ
(1)
j + γ)
sinh(µ
(1)
k + µ
(1)
j + γ) sinh(µ
(1)
k − µ
(1)
j )
L∏
i=1

 sinhµ
(1)
k
sinh(µ
(1)
k + γ)


2
Λ(2)(µ
(1)
k ; µ˜
(1))


Bˆjk+1(µ
(1)
k+1 . . . Bˆjk−1(µ
(1)
k−1 ‖ 1 > M
(j)
(i) X
(i) = 0, (25)
where M
(j)
(i) takes count of the reordering of the B˜ operators [2, 9]. The last equality in
the previous equation holds by virtue of the first level Bethe ansatz equations. Using that
J+1 q
−3W1/2q−W2/2 = qq−3W1/2q−W2/2J+1 and that q
Wi are invertible operators, this prove
that J+1 Ψ = 0.
For the rest of the generators things are not so easy. First we will prove that:
Ubd(∞)Ψ = 0, b > d, b, d > 1 (26)
Using the equations M1bcd = N
1b
cd and taking the limit θ → ∞ (see appendix A of [2] for
details):
Ubd(∞)Ψ = q
2p1Bˆ(µ
(1)
1 )⊗ . . .⊗ Bˆ(µ
(1)
p1
) ‖ 1 > U
(2)
bd (∞)X. (27)
In the previous formula U
(2)
bd (∞) is the θ → ∞ limit of the Ubd(θ + γ/2) operator of a
problem with local weights R(2)ijkm(θ + γ/2), i, j, k,m = 2, . . . , n. It can be seen also
as a Ub−1d−1(θ + γ/2) operator of an SUq(n − 1) chain with local weights R
ij
km(θ +
γ/2), i, j, k,m = 1, . . . , n − 1. We can follow this process l times up to the moment
when d− l = 1:
Ubd(∞)Ψ = q
2(p1+p2+...+pd−1)Bˆ(µ
(1)
1 )⊗ . . .⊗ Bˆ
(d−1)(µ
(d−1)
jpd−1
) ‖ 1(l) > U
(d)
bd (∞)X
(d−1).
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Now U
(d)
bd (∞) can be seen as Ub−l1(θ+lγ/2) = Cb−l(θ+lγ/2) operator for an SUq(n−l)
chain with local weights Rijkm(θ+lγ/2), i, j, k,m = 1, . . . , n−l. We arrive with this process
always to an operator of the type Cb−l(∞) at level l + 1 acting on X
(l). We need to now
the commutation relations between operators Cb(∞) and Bˆc(θ) to evaluate this action.
The commutation relations are obtained in the θ → ∞ limit of the relation M1bc1 = N
1b
c1 ,
the result is:
Cb(∞)Bˆc(θ) = R+
bi
cjBˆi(θ)Cj(∞)
+q(q − q−1)Dbg(∞)[δgcA(θ)− e
−2θDˆgc(θ)], (28)
where a summation in g is understood and we have used [Dbg(∞),A(θ)] = 0. Using this
formula at an arbitrary level:
U
(d)
bd (∞)X
(d−1) = q(q − q−1)
pd∑
k=1
D
(d)
bjk
(∞)


pd∏
j 6=k
sinh[µ
(d)
k + µ
(d)
j + (d− 1)γ] sinh(µ
(d)
k − µ
(d)
j − γ)
sinh(µ
(d)
k + µ
(d)
j + dγ) sinh(µ
(d)
k − µ
(d)
j )
−
pd∏
j 6=k
sinh[µ
(d)
k + µ
(d)
j + (d+ 1)γ] sinh(µ
(d)
k − µ
(d)
j + γ)
sinh(µ
(d)
k + µ
(d)
j + dγ) sinh(µ
(d)
k − µ
(d)
j )
pd−1∏
i=1
sinh[µ
(d)
k + µ
(d−1)
i + (d− 1)γ] sinh(µ
(d)
k − µ
(d−1)
i )
sinh(µ
(d)
k + µ
(d−1)
i + dγ) sinh(µ
(d)
k − µ
(d−1)
i + γ)
Λ(d+1)(µ
(d)
k ; µ˜
(d))


Bˆ
(d)
jk+1
(µ
(d)
k+1 . . . Bˆ
(d)
jk−1
(µ
(d)
k−1) ‖ 1
(d) > M
(j)
(i) X
(d)(i)
= 0, (29)
where the last equality holds by virtue of the Bethe ansatz equations at level d. In
conclusion this shows the desired result Ubd(∞)Ψ = 0, b > d, b, d > 1. This shows directly
with (22) that J+n−1Ψ = 0. Using this result Unn−2(∞)Ψ = Tnn(∞)T˜nn−2(∞)Ψ = 0, as
Tnn(∞) is an invertible operator then T˜nn−2(∞)Ψ = 0. Now using Un−1n−2(∞)Ψ =
[Tn−1n−1(∞)T˜n−1n−2(∞) + Tn−1n(∞)T˜nn−2(∞)]Ψ = 0, which implies T˜n−1n−2(∞)Ψ = 0,
and the relations (8) we have J+n−2Ψ = 0. In this way it is possible to prove the highest
weight property for the rest of the generators.
This ends the proof of the highest weight property J+l Ψ = 0, l = 1, . . . , n− 1
We have seen that the highest weight property of the Bethe states is maintained in
the open quantum group invariant case for an algebra of arbitrary rank. The quantum
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group generators and relations are obtained in the usual way. This proof is interesting in
the study of the associated RSOS models and is currently under investigation. It would
be interesting to generalize this property to the cases where an elliptic symmetry of the
model is present as in [10].
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